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We construct a family of partial difference sets with Denniston parameters in the group Zt4 × Zt2
by using Galois rings.
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1. INTRODUCTION
A k-element subset D of a finite multiplicative group G of order v is called a (v, k, λ, µ)-
partial difference set in G (PDS) provided that the multiset of ‘differences’ {d1d−12 | d1, d2 ∈
D, d1 6= d2} contains each nonidentity element of D exactly λ times and each nonidentity
element in G\D exactly µ times. See [11] for background on partial difference sets.
We will limit our attention to abelian groups in this paper. In that context, a character of an
abelian group is a homomorphism from the group to the multiplicative group of complex roots
of unity. The principal character is the character mapping every element of the group to 1.
All other characters are called nonprincipal. Starting with the important work of Turyn [16],
character sums have been a powerful tool in the study of difference sets of all types. The
following lemma states how character sums can be used to verify that a subset of a group is a
PDS.
LEMMA 1.1. Let G be an abelian group of order v and D be a subset of G so that {d−1 |
d ∈ D} = D. Suppose k, λ, and µ are positive integers satisfying k2 = µv+(λ−µ)k+k−µ
(when the identity element is not in D). Then D is a (v, k, λ, µ)-PDS in G if and only if, for
any character χ of G,∑
d∈D
χ(d) =
{ k if χ is principal on G.
(λ−µ)±
√
(λ−µ)2+4(k−µ)
2 if χ is nonprincipal on G.
When the group G is an elementary abelian p-group, partial difference sets in G are closely
related to two-intersection sets in projective spaces over finite fields. We proceed to explain
this connection.
Let PG(` − 1, q) denote the desarguesian (` − 1)-dimensional projective space over the
finite field GF(q), where q is a power of prime p. A projective (n, `, h1, h2) setO is a proper,
non-empty set of n points of the projective space PG(` − 1, q) with the property that every
hyperplane meets O in h1 points or h2 points.
Let O = {〈y1〉, 〈y2〉, . . . , 〈yn〉} be a set of n points in PG(` − 1, q). If we view GF(q`)
as an `-dimensional vector space over GF(q), then we may think of it as the `-dimensional
vector space V`(q) associated with PG(`− 1, q). Let  = {v ∈ V`(q) | 〈v〉 ∈ O} be the set
of vectors in V`(q) corresponding to O, i.e.,  = GF(q)∗O.
For w ∈ GF(q`), we define a character of the additive group of GF(q`) as follows:
χw : x 7→ ξ
trq`/p(wx)
p , x ∈ GF(q`), (1.1)
where ξp is a primitive pth root of unity and trq`/p is the trace from GF(q`) to GF(p). It is
easy to see that χw, w ∈ GF(q`), are all the characters of the additive group of GF(q`). These
will be called additive characters of GF(q`).
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For any nontrivial additive character χw of GF(q`), we have
χw() = (q − 1)|w⊥ ∩ {y1, y2, . . . , yn}| + (−1)(n − |w⊥ ∩ {y1, y2, . . . , yn}|)
= q|w⊥ ∩ {y1, y2, . . . , yn}| − n, (1.2)
wherew⊥ = {〈y〉|y ∈ GF(q`), trq`/q(yw) = 0}, and trq`/q is the trace from GF(q`) to GF(q).
We note that in the above calculation we have made use of the transitivity of trace. From (1.2)
and Lemma 1.1, we have the following lemma.
LEMMA 1.2. Let O and  be defined as above. Then O is a projective (n, `, h1, h2) set
in PG(` − 1, q) if and only if χw() = qh1 − n or qh2 − n, for every nontrivial additive
character χw,w ∈ GF(q`). In other words,O is a projective (n, `, h1, h2) set in PG(`−1, q)
if and only if  is a (q`, (q − 1)n, λ, µ) partial difference set in the elementary abelian
group (GF(q`),+), where λ = (q − 1)n + (qh1 − n)(qh2 − n) + q(h1 + h2) − 2n, and
µ = (q − 1)n + (qh1 − n)(qh2 − n).
An (m, r)-arc in PG(2, q) is a set of m points, no r + 1 of which are collinear. Let K be
an (m, r)-arc in PG(2, q), and let x be a point in A. Then each of the (q + 1) lines through x
contains at most r − 1 points of K. Therefore
m ≤ 1+ (q + 1)(r − 1).
An (m, r)-arc is called maximal if m = 1+(q+1)(r−1). Any line of PG(2, q) that contains
a point of a maximal arc K evidently contains exactly r points of that arc; that is
|L ∩K| = 0 or r,
for any line L of PG(2, q). Hence a maximal (m, r)-arc K in PG(2, q) is a projective
(m, 3, 0, r) set in PG(2, q).
For q = 2t , Denniston [4] constructed maximal (m, r)-arcs in PG(2, q) for every r , r |q,
r < q (see also [7, p. 304]). That is, he constructed projective (1+ (q+1)(r −1), 3, 0, r) sets
in PG(2, q) for every r = 2s , 1 ≤ s < t . (We remark that for q odd, it was recently shown
[1] that maximal arcs do not exist in PG(2, q), when r < q.) In terms of partial difference
sets (see Lemma 1.2), Denniston [4] constructed a (23t , (2t+s − 2t + 2s)(2t − 1), 2t − 2s +
(2t+s−2t +2s)(2s−2), (2t+s−2t +2s)(2s−1)) partial difference set for every s, 1 ≤ s < t ,
in the elementary abelian group Z3t2 . These parameters of partial difference sets will be called
Denniston parameters.
As in the study of all other types of difference sets, one of the central problems in the study
of partial difference sets is that for a given parameter set, which groups of the appropriate
order contain a partial difference set with these parameters. In this paper, we investigate this
problem for the Denniston parameters. We construct a family of (23t , (2t+s − 2t + 2s)(2t −
1), 2t − 2s + (2t+s − 2t + 2s)(2s − 2), (2t+s − 2t + 2s)(2s − 1)) partial difference sets in the
group Zt4 × Zt2 when s = t − 1 and s = 1. One of the main ingredients of our construction
is a class of Hadamard difference sets in the additive group of the Galois ring G R(4, t). We
remark that the idea of using ring structures to construct partial difference sets and other types
of difference sets has been used successfully in recent years, see for example [2, 8–10, 14, 17].
2. GALOIS RING PRELIMINARIES
We need to recall the basics of Galois rings. Interested readers are referred to [12] for
more details. We will only use Galois rings over Z4 in this paper. Let 82(x) ∈ GF(2)[x]
Denniston partial difference sets 983
be a primitive polynomial of degree t . Then there exists a unique polynomial 8(x) ∈ Z4[x]
of degree t such that 8(x) ≡ 82(x) (mod 2), and 8(x) divides x2t−1 − 1 (mod 4). Such
a polynomial 8(x) is called a basic primitive polynomial in Z4[x]. A Galois ring over Z4
of degree t , t ≥ 2, denoted G R(4, t), is the quotient ring Z4[x]/〈8(x)〉. We will use the
shorthand R = G R(4, t). If h is a root of 8(x) in R, then R = Z4[h] and the multiplicative
order of h is 2t − 1.
The ring R is a finite local ring with unique maximal ideal 2R, and R/2R is isomorphic
to the finite field GF(2t ). If we denote the natural epimorphism from R to GF(2t ) by pi , then
g = pi(h) is a primitive element of GF(2t ) ∼= R/2R.
The set T = {0, 1, h, h2, . . . , h2t−2} is a complete set of coset representatives of 2R in R.
This set is usually called a Teichmu¨ller system for R. An arbitrary element α of R has a unique
2-adic representation
α = α0 + 2α1,
where α0, α1 ∈ T . The units in R have the form hi (1+ 2ξ), 0 ≤ i ≤ 2t − 2, ξ ∈ T . We also
note that, considered as vector spaces over GF(2), the maximal ideal 2R = {0, 2, 2h, . . . ,
2h2t−2} and GF(2t ) are isomorphic. An explicit isomorphism is given by φ : 2R → GF(2t ),
where φ(2hi ) = gi , i = 0, 1, . . . , 2t − 2, and φ(0) = 0.
We will use tr : GF(2t ) → GF(2) to denote the usual trace map, and define H0 = {x ∈
GF(2t ) | tr(x) = 0}. A classical result of Singer [15] states that the hyperplanes of GF(2t ) are
H0, H1 = gH0, . . . , H2t−2 = g2t−2 H0.
Therefore, all (t − 1)-dimensional GF(2)-subspaces of 2R are
K0 = φ−1(H0), K1 = φ−1(H1), . . . , K2t−2 = φ−1(H2t−2).
More explicitly, K0 = {x ∈ 2R | tr(φ(x)) = 0} and K j = h j K0, j = 1, 2, . . . , 2t − 2.
The Frobenius map f from R to itself is the ring automorphism f : α0+ 2α1 7→ α20 + 2α21 .
This map is used to define the trace Tr from R to Z4, namely, Tr(α) = α+ α f + · · · + α f t−1 ,
for α ∈ R. The trace of a Galois ring can be used to define all of the additive characters of the
ring, as demonstrated in the following well-known lemma.
LEMMA 2.1. For β ∈ R, the function χβ with χβ(x) =
√−1Tr(βx) for all x ∈ R is an
additive character of R, and every additive character of R is obtained in this way.
For convenience of the reader, we include a proof here.
PROOF. First of all, it is clear that χβ is an additive character of R since the trace map Tr
is additive. Noting that Tr is not identically zero on R, we see that χ1 is a nontrivial character.
Therefore, if β, γ ∈ R with β 6= γ , then
χβ(z)
χγ (z)
= χ1((β − γ )z) 6= 1,
for suitable z ∈ R, and so χβ and χγ are distinct characters. So if β runs through R, we get 4t
distinct additive characters χβ . On the other hand, R has exactly 4t additive characters. Hence
the list of additive characters of R is already complete. 2
We note that in the above lemma if β ∈ 2R\{0}, then χβ is a character of order 2 and χβ
is principal on 2R, and if β ∈ R\2R, then χβ is a character of order 4 and χβ is nonprincipal
on 2R. In the latter case, we write β = (1 + 2ξ)hi for ξ ∈ T . We note that χβ = χ(1+2ξ)hi
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is principal on K−i , where the subindex −i should be viewed modulo 2t − 1, and χ(1+2ξ)hi is
nonprincipal on all other K j , j 6≡ −i (mod 2t − 1).
We will need the following lemma which gives the 2-adic representation for the sum of two
elements in the Teichmu¨ller set T of R.
LEMMA 2.2. Let hi , h j ∈ T , 0 ≤ i, j ≤ 2t − 2. The 2-adic representation of hi + h j is
hi + h j = (hi + h j + 2
√
hi+ j )+ 2
√
hi+ j ,
where (hi + h j + 2√hi+ j ) ∈ T and√hi+ j ∈ T .
PROOF. If we write hi + h j = α + 2β for α, β ∈ T , then
α = α2t = (α + 2β)2t = (hi + h j )2t = hi + 2(hi h j )2t−1 + h j .
The last equality is true because all other terms in the binomial expansion of (hi + h j )2t are
0 modulo 4 for t ≥ 2. This implies the result. 2
The final background we need for our construction is a 2-adic expansion of the trace Tr(ax).
Let a = 1+ 2ξ , ξ ∈ T , and x ∈ T . Following the paper by Hammons et al. [6], we write the
element Tr(ax) 2-adically,
Tr(ax) = bx + 2cx ,
where bx , cx ∈ {0, 1} are given as follows:
bx = tr(pi(x)),
cx =
∑
0≤i< j≤t−1
(pi(x))2
i+2 j + tr(pi(ξ x)),
where pi is the natural epimorphism from R to R/2R. (Strictly speaking, bx , cx are not in the
field GF(2), they are in the subset {0, 1} of Z4. Here we abused the notation by identifying
{0, 1} ⊂ Z4 with the field GF(2).) We warn the reader that the above formulas for bx , cx are
valid only for x ∈ T .
The following lemma is straightforward and its proof can be found in [17].
LEMMA 2.3. Let Q(y) =∑0≤i< j≤t−1 y2i+2 j be a polynomial over GF(2t ). Then Q(y +
y2) = tr(y + y3), for every y ∈ GF(2t ).
3. CONSTRUCTION OF PDSS
We begin this section with a construction of a collection of Hadamard difference sets in
the additive group of R = G R(4, t). A Hadamard difference set in an abelian 2-group is a
partial difference set with v = 4N 2, k = 2N 2 − N elements, and λ = µ = N 2 − N . In
our case, N = 2t−1, and the group has order 22t . In [13] and [5], McFarland and Dillon con-
struct Hadamard difference sets as a union of cosets of hyperplanes of an elementary abelian
subgroup H of order 2t , where the coset representatives for the hyperplanes are from distinct
cosets of H in the group. From Section 2, we see that the Galois ring R = G R(4, t) has an
elementary abelian subgroup 2R of the correct size 2t , and we identified the hyperplanes of
the subgroup 2R as K j , j = 0, 1, . . . , 2t − 2. Thus, in order to construct explicitly some
Hadamard difference sets in R for our later use, we only need to find appropriate coset rep-
resentatives for the K j ’s. We will maintain the same notation as in Section 2 throughout this
section.
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THEOREM 3.1. Let w ∈ R/2R with tr(w) = 1, and let ai, j be any element of R such that
pi(ai, j ) = gi (1+w)+ g jw, 0 ≤ i, j ≤ 2t − 2. The set Ei = ∪2t−2j=0 (hi + h2i− j + 2ai, j + K j )
is a Hadamard difference set in the additive group (R,+) with N = 2t−1 for each i , 0 ≤ i ≤
2t − 2.
PROOF. Suppose (hi + h2i− j + 2ai, j ) and (hi + h2i− j ′ + 2ai, j ′) are in the same coset
of 2R in R for j 6≡ j ′ (mod 2t − 2). This implies that h2i− j − h2i− j ′ ∈ 2R. However,
this is not possible for two distinct elements of the Teichmu¨ller system. Thus, the two coset
representatives are in distinct cosets of 2R, and hence the set Ei is a Hadamard difference set
by the construction of McFarland and Dillon [5, 13]. 2
REMARK. Since 2(hi− j + h2i−2 j ) ∈ K0, it follows that 2(hi + h2i− j + 2ai, j ) ∈ K j for
every j , 1 ≤ j ≤ 2t−2. Therefore each Ei in the above theorem is reversible, i.e.,−Ei = Ei ,
for each i , 0 ≤ i ≤ 2t − 2. We also note that the conditions on w and ai, j do not play a role
in the proof of this theorem, but they will be important in later computations.
We are now ready to define our PDS in Zt4 × Zt2. Consider the group G = (R,+) ×
(G F(2t ),+) ∼= Zt4 × Zt2. Define
D = ∪2t−2i=0 (Ei , gi ),
where (Ei , gi ) = {(x, gi )|x ∈ Ei }.
THEOREM 3.2. The set D defined above is a (23t , (22t−1− 2t−1)(2t − 1), 2t−1+ (22t−1−
2t−1)(2t−1 − 2), (22t−1 − 2t−1)(2t−1 − 1)) partial difference set in G ∼= Zt4 × Zt2.
PROOF. We need to verify that for every nonprincipal character χ of G, the character sum∑
d∈D χ(d) := χ(D) is equal to −(2t − 1)2t−1 or 2t−1 as specified by Lemma 1.1. Every
character of G can be written as χβ ⊗ ψ , where χβ is an additive character of R and ψ an
additive character of GF(2t ), and
χβ ⊗ ψ(D) =
2t−2∑
i=0
χβ(Ei )ψ(gi ),
where χβ(Ei ) =∑x∈Ei χβ(x).
We distinguish the following cases.
(1) χβ principal, ψ nonprincipal. χβ ⊗ ψ(D) = ∑2t−2i=0 |Ei |ψ(gi ) = −(22t−1 − 2t−1).
(We use the fact that the sum of a nonprincipal character over the nonidentity elements
of a group is −1 here and throughout this proof.)
(2) χβ nonprincipal,ψ principal. χβ⊗ψ(D) =∑2t−2i=0 χβ(Ei ). We consider two subcases.
β ∈ 2R \ {0}: Since χβ is principal on 2R, χβ(Ei ) = 2t−1∑2t−2j=0 χβ(hi + h2i− j ); also
χβ induces an additive character on R/2R = G F(2t ), which will be denoted by χ .
Noting that χ(gi ) = χβ(hi ), we have
χβ(Ei ) = 2t−1
2t−2∑
j=0
χ(gi + g2i− j )
= 2t−1
2t−2∑
j=0
χ(gi )χ(g2i− j )
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= 2t−1χ(gi )
2t−2∑
j=0
χ(g2i− j )
= −2t−1χ(gi ).
Summing over all i , we get
χβ ⊗ ψ(D) =
2t−2∑
i=0
(−2t−1χ(gi )) = −2t−1(−1) = 2t−1.
β ∈ R\2R: Let β = (1 + 2ξ)h−` for some ξ ∈ T . By remarks following Lemma 2.1,
we know that χ(1+2ξ)h−` is principal on K` and nonprincipal on all other K j , j 6= `.
Therefore,
χ(1+2ξ)h−`(Ei ) = 2t−1χ(1+2ξ)h−`(hi + h2i−` + 2ai,`)
= 2t−1√−1Tr((1+2ξ)(h
i−`+h2(i−`)))
(−1)tr(g−`pi(ai,`)).
Applying Lemma 2.2 to hi−` + h2(i−`), we get
Tr((1+ 2ξ)(hi−` + h2(i−`))) = Tr((1+ 2ξ)(hi−` + h2(i−`) + 2√h3(i−`)))
+Tr(2
√
h3(i−`)),
where hi−` + h2(i−`) + 2√h3(i−`) ∈ T .
Combining the 2-adic expansion of the trace Tr((1 + 2ξ)x) in terms of bx and cx and
Lemma 2.3, we get
Tr
(
(1+ 2ξ)(hi−` + h2(i−`) + 2
√
h3(i−`))
)
= tr(g(i− j) + g2(i−`))+ 2(Q(gi−` + g2(i−`))+ tr(pi(ξ)(gi−` + g2(i−`))))
= 2tr(gi−` + g3(i−`) + pi(ξ)(gi−` + g2(i−`)))
Here we should think the value of the trace in the last equality above is in {0, 1} ⊂ Z4,
see the remarks following the 2-adic expansion of Tr((1+ 2ξ)x) in Section 2.
Returning to our computation of χ(1+2ξ)h−`(Ei ) and using our choice for pi(ai,`) from
Theorem 3.1, we get
χ(1+2ξ)h−`(Ei ) = 2t−1(−1)tr(g
i−`+g3(i−`))(−1)tr(pi(ξ)(gi−`+g2(i−`)))
· (−1)tr(
√
g3(i−`))(−1)tr(g−`(gi (1+w)+g`w))
= 2t−1(−1)tr(gi−`(w+pi(ξ)+
√
pi(ξ)))(−1)tr(w)
= −2t−1(−1)tr(gi−`(w+pi(ξ)+
√
pi(ξ))).
We observe that w + pi(ξ) + √pi(ξ) 6= 0 for any pi(ξ) because by our choice of w,
tr(w) = 1 (see Theorem 3.1). This implies that
2t−2∑
i=0
(−1)tr(gi−`(w+pi(ξ)+
√
pi(ξ))) = −1,
which shows that χ(1+2ξ)h−` ⊗ ψ(D) =
∑2t−2
i=0 χ(1+2ξ)h−`(Ei ) = −2t−1(−1) = 2t−1.(3) χβ nonprincipal, ψ nonprincipal. As in the previous case, we distinguish two subcases.
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β ∈ 2R\{0}: Since χβ is principal on 2R, it induces a nonprincipal character χ on
R/2R. Following the pattern of the previous computations, we get
χβ ⊗ ψ(D) =
2t−2∑
i=0
χβ(Ei )ψ(gi )
=
2t−2∑
i=0
2t−1
2t−2∑
j=0
χβ(hi + h2i− j )ψ(gi )
=
2t−2∑
i=0
2t−1
2t−2∑
j=0
χ(gi + g2i− j )ψ(gi )
=
2t−2∑
i=0
2t−1χ(gi )ψ(gi )
2t−2∑
j=0
χ(g2i− j ).
The inner sum of the last line has the value −1 because it is a sum of a nonprincipal
character over all of the nonidentity elements of the group. Thus, the sum reduces to∑2t−2
i=0 −2t−1(χψ)(gi ). If χψ is principal, this sum is −2t−1(2t − 1), and if χψ is
nonprincipal, the sum is 2t−1.
β ∈ R\2R: Take β = (1+ 2ξ)h−` as in the previous case, and let ψ(x) = (−1)tr(cx)
for some c ∈ G F(2t ), c 6= 0. Using our work from above, we get
χ(1+2ξ)h−` ⊗ ψ(D) = −2t−1
2t−2∑
i=0
(−1)tr(gi−`(w+pi(ξ)+
√
pi(ξ)))(−1)tr(cgi )
= −2t−1
2t−2∑
i=0
(−1)tr(gi (c+g−`(w+pi(ξ)+
√
pi(ξ)))).
If c+ g−`(w+ pi(ξ)+√pi(ξ)) = 0, then χ(1+2ξ)h−` ⊗ψ(D) = −2t−1(2t − 1), and if
c + g−J (w + pi(ξ)+√pi(ξ)) 6= 0, then χ(1+2ξ)h−` ⊗ ψ(D) = 2t−1.
By Lemma 1.1, this proves that the set D is a PDS with the parameters listed in the statement
of the Theorem. 2
REMARKS. (1). We may consider the dual of the partial difference set D in Theorem 3.2 in
the following sense. Let G∗ be the character group of G, where G is the group in Theorem 3.2.
It is well-known that G∗ ∼= G. So G∗ ∼= Zt4 × Zt2. Define D− = {χ ∈ G∗ | χ 6= χ0, χ(D) =−2t−1(2t − 1)}. Then by a well-known theorem of Delsarte [3], D− is a (23t , (2t+s − 2t +
2s)(2t − 1), 2t − 2s + (2t+s − 2t + 2s)(2s − 2), (2t+s − 2t + 2s)(2s − 1)) partial difference
set in G∗ with s = 1. We note that the parameters (23t , (2t + 2)(2t − 1), 2t − 2, 2t + 2) are
the parameters of the partial difference sets corresponding to hyperovals in PG(2, 2t ).
(2). We remark that the partial difference set in Theorem 3.2 is in the group Zt4 × Zt2. In
contrast, the partial difference sets constructed by Denniston [4] are in the group Z3t2 . The
methods of these two constructions are quite different. So it is very likely that the resulting
strong regular graphs are nonisomorphic.
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